We perform a field-theoretical study of possible deuteron-like molecules with both open charm and bottom, using the Heavy-Meson Effective Theory. In this approach, we analyze the parameter space of the coupling constants and discuss the formation of loosely-bound D ( * ) B ( * ) -states. We estimate their masses and other properties.
Introduction
In the last decade we have witnessed a considerable progress in the hadron spectroscopy. In particular, experimental observations of unconventional hadron states have been reported by several experiments. These exotic states, called X Y Z states, exhibit unusual properties, as unexpected decay modes. For a review, see Refs. [1, 2] .
From a theoretical point of view, a large amount of effort has been directed to understand the structure of exotic states, and several models have been proposed [3] . However, a natural interpretation that has been extensively used is to consider X Y Z states as deuteron-like molecules of heavy-light mesons, due to the proximity of their masses to some hadronic thresholds. In this sense, these exotic hadrons might be yielded by the interaction of heavy hadrons, and interpreted as bound states if they are below the threshold and in the first Riemann sheet of the scattering amplitude.
It is worthy mentioning that the notion of molecular state with heavy-light hadrons was proposed about four decades ago, for the study of interaction between the charmed and anti-charmed mesons [4] . Later, in subsequent decades this picture has been employed in different approaches, as in the quark-pion interaction framework for analysis of several deuteron-like meson-meson bound states [5, 6] . But the discovery of exotic states has stimulated this concept, and it became a hot research topic of hadron physics. For example: the X(3872) state was proposed to be a loosely bound state of DD * [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] ; another interesting state is the Z b (10610), considered as a BB * molecule [16, 18, 19] ; in the case of Y (4260), it is interpreted as a D 0D
* [20, 21, 22] ; and so on [3] .
In this scenario, although there is not yet experimental evidence, the issue about possible exotic states with masses in the region of B c sector (region of mass between the charmonium and bottomonium sectors) was also brought to light, and the interpretation of them as hadronic molecules with both open charm and open bottom has been raised [16, 23, 24, 25, 26] . In particular, Ref. [16] has used as guiding principle the heavy quark flavor symmetry. On the other hand, the interaction between charmed and bottomed mesons has been investigated in Refs. [23, 26] via the one-boson-exchange model, while Refs. [24, 25] have explored some consequences of QCD sum rules.
We believe that there is still enough room for other contributions on this issue. In this work, we perform a field-theoretical study of possible deuteron-like molecules with both open charm and bottom, via the Heavy-Meson Effective Theory with four-body terms. An analysis is performed in some detail of the regions in parameter space in which the formation of loosely-bound D ( * ) B ( * ) -states is allowed. We estimate their masses and other properties, and compare them with those existing in literature. This paper is organized as follows. In Section 2, we present the formalism and the method used to obtain the transition amplitudes and their solutions. Section 3 deals with the analysis of parameter space and the discussion of conditions for obtention of loosely bound D ( * ) B ( * ) -states. We summarize the results and conclusions in Section 4. Some relevant tables are given in Appendix.
Formalism

Heavy Meson Effective Lagrangian
In order to investigate the bound states of D ( * ) B ( * ) with both charm and bottom, we must consider an effective theory that describes the interactions between heavy mesons, i.e. mesons containing a heavy quark Q.
Thus, we work with the effective theory known as Heavy Meson Effective Theory (HMET) [8, 14, 27, 28] . On this subject, we define the superfields:
where Q = c, b is the index with respect to the heavy-quark flavor group SU(2) HF , and
In Eq. (2), v is the velocity parameter; a is the triplet index of the light-quark flavor group SU(3) V ; and P (Q/Q) a and P * (Q/Q) aµ are the pseudoscalar and vector heavy-meson fields forming a3 representation of SU(3) V :
for the charmed meson field, and
for the bottomed meson field (and analogous expressions for the vector case).
It is important to notice that the heavy vector meson fields obey the conditions:
They define the three different polarizations of the heavy vector mesons.
The H (Q) a and H (Q)a superfields transform under heavy-quark spin symmetry and SU(3) V light-quark flavor symmetry as
where
with S (c/b) being the heavy-quark spin transformation, and
Under heavy-quark flavor symmetry, the superfields transform as
where U ∈ SU(2) HF .
Notice that this symmetry relates only heavy mesons moving with the same velocity.
To construct invariant quantities under the symmetries discussed above, we need the hermitian conjugate fields:
They transform as
Now we are able to introduce the effective Lagrangian respecting heavy-quark spin, heavy-quark flavor and light-quark flavor symmetries. The Lagrangian at lowest order of the HMET can be written as
where the two-body piece is
with
The four-body interaction piece reads
where λ A are the Gell-Mann matrices.
In Eq. (13), we must consider in the products of the superfields H the different heavy-quark flavor and light-quark flavor spaces, as pointed in the definitions in Eqs. (1) and (10) . So these products must be performed properly.
It is worthy mentioning that there are other Lorentz Structures at leading order. However, as remarked in Ref. [29] these other contact terms are not independent; they are linear combinations of terms in Eq. (16) . Thus, we will omit them.
We work in the leading order in the 1/m Q expansion. Thus, relativistic effects are suppressed and two-heavy meson system can be described in the nonrelativistic version of the theory. In this sense, it is convenient to adopt the velocity parameter as v = 1, 0 , and employ the following normalization [27, 28] : :
It can be remarked that the choice above of v makes the component µ = 0 of the vector meson irrelevant. Therefore, we work only with the euclidian part of the vector meson fields henceforth.
It is also interesting to analyze the power counting in this scheme: with respect to the heavy quantity, the heavy-quark mass m Q , we see that the kinetic term in Eq. (14) gives the scaling for the Lagrangian density as L ∼ m In addition, the mentioned terms are also the leading order in the chiral expansion; corrections to lowest order come from higher derivative or mass terms and from loop diagrams [27, 30] .
At this point we must discuss some questions of our approach. In the scenario of heavy hadronic molecules, pion-exchange effects are in general perturbative over the expected range of applicability of HMET and are suppressed, as pointed in Refs. [14, 16, 28] . This situation is in contrast to two-nucleon systems (usually used as similar systems to heavy-meson molecules), in which the leading order potential of Chiral Perturbation Theory includes one-pion exchange interaction [31, 32] . As a consequence, at lowest order the HMET can be considered as a contact-range theory, taking into account the proper range of binding energies. Thus, following these findings we explore the leading-order potential of HMET only with contact interactions present in Eq. (16) , and investigate the region where the pion-exchange contribution is not relevant.
Hence, considering the discussion above, we can perform the expansion of the H-fields in the heavy-quark limit. After some manipulations, the four-body interaction terms in Eq. (16) read
In this equation, the polarization of the vector mesons P * a and the sum over the two heavy-quark flavors are considered implicit. The last two lines in Eq. (18) mean the addition of equivalent terms to the ones expressed in lines above, with the replacement of respective bilinear P ( * ) P ( * ) -forms (diagonal in lightquark SU(3) V space) by other ones carrying Gell-Mann matrices. Thus, we see that the interaction strength is described by four parameters:
Next, we will analyze the influence of these parameters on the existence of bound states and their resulting binding energies.
Transition Amplitudes
We are interested in the analysis of the scattering
Then, we can use the Breit approximation in order to relate the non-relativistic interaction potential, V , and the scattering amplitude iM(
where m i and m f are the masses of initial and final states, and p is the momentum exchanged between the particles in Center-of-Mass frame.
Following Ref. [28] , it is convenient to categorize the D ( * ) B ( * ) -states into four groups: DB, D * B, DB * and D * B * . Then, by considering the four-body Lagrangian L 4 in Eq. (18), it is possible to obtain the scattering amplitude at tree-level approximation, yielding the effective potential V in the basis of states B ≡ {|DB , |D * B , |DB * , |D * B * }. The result is shown in Table 1 . 
In Table 1 , we have used the notation [28] :
At this point, it is convenient to explicit the relation between the SU(3) V light-quark flavor and particle basis. In this sense, each state of the B-basis is composed of nine light-quark flavor states, i. e. one octet and one singlet. Specifically, there are two isosinglets (I = 0, S = 0),
one isotriplet (I = 1, S = 0),
and two isodoublets (I = 1 2 , S = ±1),
In this scenario, the coupling constants C 1 and C 2 are given by the following expressions with respect to the specific channels of light-quark flavor SU(3) V basis:
In order to obtain dynamically generated poles in the amplitudes, we work with transition amplitudes satisfying the Lippmann-Schwinger equation
where α, β, γ = |HH ξ , with HH = DB, D * B, DB * , D * B * and ξ = s1, s2, t, d1, d2 representing each channel associated to the B and light-quark flavor SU(3) V bases, respectively. Also,
Notice that for vector mesons, we must perform the replacement G → G µν .
The solutions of Lippmann-Schwinger equation for a specific channel in the present case have the form
In the analysis of pole structure of Lippmann-Schwinger equation, resonances are understood as the poles located in the fourth quadrant of the momentum complex plane (in the second Riemann sheet), while bound states are below the threshold (in the first Riemann sheet). Thus, since here we are interested on bound-state solutions, the use of residue theorem and dimensional regularization in Eq. (28) yield [8] 
whereṼ (α) is the renormalized potential (renormalized contact interaction), and µ is reduced mass of D ( * ) B ( * ) system. In the renormalization procedure above,Ṽ (α) is a quantity dependent of renormalization scheme, since the bare coupling constants are adjusted in order to absorb the ultra-violet divergences (although this divergence does not explicitly manifest in the dimensional regularization above) contained in the Lippmann-Schwinger equation.
Therefore, other quantities can be obtained from Eq. (29), as the binding energy,
and scattering length,
We remark that the contact interaction in Eq. (29), (30) and (31), implicit iñ V , must be renormalized. However, to simplify the notation we continue to denote the renormalized parameters as D 1 , D 2 , E 1 and E 2 .
It is also worthy mentioning that despite the renormalization dependence of V (α) , quantities such as binding energy and scattering length are observables, and therefore renormalization-independent.
Results
After the obtention of a general solution of transition amplitude, now we analyze the possibility of bound states of D ( * ) B ( * ) systems in the context discussed above. As remarked, we restrict our analysis to the region of relevance of contact-range interaction, that is the region where the pion-exchange contribution is not relevant. In this sense, we study bound states which obey the requirement a S 3λ π , where λ π = 1/m π ∼ 1 fm is the pion Compton wavelength.
It is relevant to remark that although the renormalization procedure should be performed in each sector (with different coupling strengths for each sector), we work here in a specific renormalization scheme, in which the relation between the bare coupling constants is conserved after renormalization. This approach allows to relate the results for different sectors, taking into account the fact In this sense, using Eqs. (29), (30) and (31) we study the mass, binding energy and scattering length of S-wave bound states as functions of interaction strength.
DB(
We start by analyzing the |DB(
and |DB * ( 3 S 1 ) states. As shown in Table 1 , they depend only on the parameter
A . Thus, the (D 1 , E 1 )-parameter space can be explored.
In Fig. 1 (D 1 , E 1 ) . These values are chosen in a such way that their magnitudes are smaller, similar or greater than the ones delimited by the intersection region of last panel in Fig. 1 :
In general, the choice (iii) works with sufficient magnitudes of (D 1 , E 1 ) to be found on the the light shaded area of panels in (25), with binding energy greater than 0.1 MeV and obeying the condition a S 3λ π . Upper, middle and lower panels represent the DB( 1 S 0 ) ξ , D * B( 3 S 1 ) ξ and DB * ( 3 S 1 ) ξ systems, respectively ( ξ = s1, s2, t, d1, d2 ).
be estimated from the ratio of kaon and pion decay constants, f K /f π ∼ 1.2, giving a relative error of 20% in molecules containing strange quarks. Thus, the total error inṼ (α) is calculated by adding the partial error in quadrature. After that it is possible to estimate the uncertainties in binding energy and in scattering length given by Eqs. (30) and (31), respectively.
In all situations displayed in Tables A.1, A.2 and A.3, the bound states do not seem possible for the choice (iv). On the other hand, we find loosely-bound state solutions for all nine SU(3) V light-quark flavor states (ξ = s1, s2, t, d1, d2) in the situation (iii), while in the case of choice (ii) only for the isosinglet s1.
Besides, the results suggest that for both spin-0 and spin-1 systems, the t, d1, d2 channels present greater binding energies than s1, s2 in a specific choice of parameters. The light shaded areas in Fig. 5 indicate the intersection region in which bound states are obtained for the six studied systems (DB( 
, with binding energy greater than 0.1 MeV and obeying the condition a S 3λ π . The plots suggest that bound-state solutions are inhibited as the magnitude of the constants (D 2 , E 2 ) increases.
Taking into account the discussion above, we study the mass, binding energy and scattering length of the D * B * systems for (i) − (iv) choices of the parameters (D 1 , E 1 ) as in previous section, and at fixed values of D2 = 0.00001MeV −2 ; E2 = 0.00002MeV −2 , chosen in order to reproduce the situation of upper-left panel in Fig. 3 
Estimation of Interactions From Experimental Data in Charmonium and Bottomonium Sectors
Although there is no experimental information of exotic states in B c sector, it is also interesting at this point to analyze the parameter space in the light of available experimental data in charmonium and bottomonium sectors. Accordingly, in consonance with Refs. [15, 16] we can use the information available of the X(3872) and Z b (10610) masses as inputs to fix two of the four couplings.
In this sense, we use the analogous approach discussed in previous Sections, by interpreting X(3872) as S-wave isoscalar ( 
(the charged conjugated particles are implicit included) [33] . This channel has the leading-order potential given by
In the calculations we consider the following central values of X(3872) mass, threshold and binding energy: M X = 3871.69 MeV [2] , m D 0 + mD * 0 = 3871.8 MeV [2] , and E b = 0.11 MeV [33] , respectively.
Similarly, the Z b (10610) is understood as S-wave (J P C = 1 +− ) isovector (BB * ) molecule. In this case, the leading-order potential is given by V (BB * ) (
In alignment with Ref. [16] , the binding energy of Z b (10610) is assumed to be 2.0 ± 2.0 MeV, while its mass and threshold are M Z b = 10602.6 ± 2.0 MeV and m B + mB * = 10604.6 MeV [2] , respectively. Therefore, using the informations of X(3872) and Z b (10610) in Eqs. (30) and (31), we obtain the following relations
To estimate the two remaining counterterms, we need two more states with different dependence of the couplings with respect to X(3872) and Z b (10610 
. The masses and thresholds are M X(3915) = 3917 MeV, mD * + mD * = 4017.2 MeV, M Y (4140) = 4140 MeV and mD * + mD * = 4224.6 MeV. Consequently, the use of these data in Eqs. (30) and (31), in combination with Eq. (32), yields
Hence, with this specific renormalization scheme we can estimate the quantities of the D ( * ) B ( * ) states. The results are displayed in Appendix A.3. We remark that in this situation we have computed the total error by adding the partial errors (due to violations of heavy-quark spin and light flavor symmetries and in Z b (10610) binding energy) in quadratures. We see in general a pattern of loosely bound states from these outcomes.
It is worth remarking that the choice of X(3915) and Y (4140) have some troubles, as greater binding energies and experimental status, as observed in Ref. [15] . In this sense, the predictions generated from this choice will remain matter of debate. In addition, we stress that the renormalization procedure should be performed in each sector, and that there is not yet experimental evidence of hadronic molecules with both open charm and open bottom to have more solid predictions.
Discussion and Concluding Remarks
In summary, we have investigated the interaction between charmed and bottomed mesons using Heavy-Meson Effective Theory. In this scenario we have discussed the formation deuteron-like molecules with both open charm and bottom. We have explored the regions in parameter space of the coupling constants in which the formation of bound D ( * ) B ( * ) -states are allowed. Estimations of their masses, binding energies and scattering lengths have been performed as functions of interaction strength in a specific renormalization scheme. We have worked here in a specific renormalization scheme, in which the relation between the bare coupling constants is conserved after renormalization. This approach has allowed to relate the results for different sectors, taking into account the fact that there is not yet experimental evidence of hadronic molecules with both open charm and open bottom.
The analysis of bound-state solutions of D ( * ) B ( * ) has been restricted to the region of relevance of contact-range interaction, in which the pion-exchange contribution is not relevant. In this sense, we have studied bound states which obey the condition a S 3λ π .
The study is simpler and more direct for DB(
and DB * ( 3 S 1 ) systems, since they depend on two of the four coupling constants in Effective Lagrangian. In this context, the analysis of the parameter space has indicated a region in which the relevant parameters acquire values that allow loosely bound states for some of the nine SU(3) V light-quark flavor states (two isosinglets, one triplet and two doublets). The results suggested that for both spin-0 and spin-1 systems, the t, d1, d2 channels present greater binding energies than s1, s2 in a specific choice of parameters.
systems, the parameter configuration space is richer, since the transition amplitudes depend on the four coupling constants. This study has suggested, as in the above mentioned situation, that the existence of loosely bound states for the SU(3) V light-quark flavor states strongly depends on the magnitude of the parameters. In the case of Furthermore, bound-state solutions pointed out in Ref. [23] can be discussed in some sense under our point of view, with the parameters in the range of the choices (i) and (ii) of Tables A.1-A.6. Notice, however, that Ref. [23] has considered mixing S-D mixing effect, and we must be careful in this comparison.
Further work is needed to improve these results, in order to perform more precise comparison with other phenomenological models, and to contribute to the experimental search of D ( * ) B ( * ) molecular states. It is possible, for example, to study the decays of these predicted molecular states into B c mesons and light mesons, as suggested in Ref. [23] . Another improvement is the inclusion of the pion-exchange potential, in order to extend the range of applicability of this approach.
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A Appendix
A.1 Quantities for the DB( (25) 
